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Abstract
We give a lower bound on the boundary injectivity radius of the Mar-
gulis tubes with smooth boundary constructed by Buser, Colbois, and
Dodziuk. This estimate depends on the dimension and a curvature bound
only.
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1 Introduction
Let (M, g) be a compact manifold of dimension n ≥ 3, with sectional curvatures
satisfying
−a2 ≤ secg ≤ −1,
for some constant a ≥ 1. Given x ∈ (M, g), we denote by ig(x) = i(x) its
injectivity radius. The so-called thick-thin decomposition of (M, g) (cf. Section
8 in the book [BGS85]) ensures us there is a positive constant
µ = a−1cn, (1)
cn > 0 depending on the dimension only, so that if the set
Mµ := {x ∈M | i(x) < µ} (2)
is not empty, it is then the union of a finite number of disjoint tubes {Tζ}
around short closed geodesics {ζ}. Each Tζ is homeomorphic to ζ × Bn−1,
with Bn−1 a closed ball in Rn−1. Unfortunately, the boundary of Tζ is not
usually smooth! Nevertheless, the fact that one understands the topology of
regions with small injectivity radius is extremely important in the study of the
geometry and topology of quotients of Hadamard manifolds. For example, the
study of normalized Betti numbers presented in [ABBG18] heavily relies on this
coarse thick-thin decomposition.
From a geometric analysis point of view, the lack of smoothness of the tubes
{Tζ} is a somewhat undesirable feature of the usual (or coarse) thick-thin de-
composition. In many questions arising from the spectral geometry of compact
quotients of Hadamard manifolds, it is indeed useful to work with a smooth
thick-thin decomposition due to Buser, Colbois and Dodziuk [BCD93]. In this
decomposition, one selects a subset {γ} ⊂ {ζ} of closed geodesics shorter than
an explicit bound depending on µ, and tubes Vγ ⊂ Tγ with smooth boundaries.
For the details, we refer to the statement of Theorem 7 below (cf. Theorem
2.14 in [BCD93]). See also the recent paper of Hamensta¨dt [Ham18] for more
on this circle of ideas.
Recently, M. Stern and the author also employed the smooth think-thin de-
composition of Buser, Colbois and Dodziuk to study normalized Betti numbers
of negatively curved manifolds, see [DS19]. In this study, we are able to extend
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some of the vanishing result proved in [ABBG18], and in some cases recover
some of their results. Our approach heavily relies on the smooth thick-thin
decomposition.
The goal of this paper is to derive a boundary injectivity radius estimate for
the smooth thick-thin decomposition of Buser-Colbois-Dodziuk. This estimates
depends on the dimension and a curvature bound only, and it seems particu-
larly useful when studying the manifold with boundary obtained from (M, g)
by removing the tubes {Vγ} with smooth boundaries constructed in Theorem
7 (cf. Theorem 2.14 in [BCD93]). Concluding, we believe this estimate to be
a desirable feature to be added to the smooth thin-thick decomposition, and
it should make it more readily available for a multitude of geometric analysis
questions regarding compact quotients of Hadamard manifolds.
We conclude this introduction with the statement of our main theorem.
Theorem 3. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3,
with sectional curvature
−a2 ≤ secg ≤ −1,
for some constant a ≥ 1. Let (N, g) be the manifold with boundary obtained by
removing the smooth disjoint tubes {Vγ} constructed in Theorem 7 ( cf. Theorem
2.14 in [BCD93]) from (M, g), and for each γ set
Hγ = ∂Vγ .
There exists a constant T (a, n) > 0 depending on n and a only such that the
exponential map restricted to the normal bundle of ∂N
exp⊥ : ∂N × [0, T (a, n)) =
⋃
γ
Hγ × [0, T (a, n)) −→M
is a diffeomorphism onto its image.
For the details of the proof, we refer to Section 3.
Acknowledgments. The author would like to thank Professor Mark Stern for
asking the question addressed in this paper, and for several early discussions
regarding this matter.
2 Buser-Colbois-Dodziuk Thick-Thin Decompo-
sition
In this section, we recall some features of the smooth thick-thin decomposition
for compact quotients of Hadamard manifolds construction given by Buser, Col-
bois, and Dodziuk (cf. Section 2 in [BCD93]). We also fix the notation and,
in Lemma 9, we summarize a few results we derived in [DS19] concerning this
construction.
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Let (M, g) be a compact of dimension n ≥ 3, with sectional curvatures
satisfying
−a2 ≤ secg ≤ −1,
for some constant a ≥ 1. We set
µ = a−1cn,
with cn > 0 depending on the dimension only, and
Mµ := {x ∈M | i(x) < µ}
as in Equations (1) and (2). Mµ is the union (possibly empty) of disjoint tubes
{Tγi} around short closed geodesics {γi}. For simplicity, we require µ ≤ 1. For
every tube Tγ , the core geodesic γ has length l(γ) < 2µ. For every point p ∈ γ,
and every tangent vector v ∈ TpM perpendicular to γ′(0), let δp,v(t) denote the
unit speed geodesic ray emanating from p in the direction of v. We call these
rays radial arcs and their tangent vector fields the radial vector field R.
In every interval [0, t0] such that i(δp,v(t)) ≤ µ for t ∈ [0, t0], the function
t → i(δp,v(t)) is strictly monotonic increasing. Thus, there exists Rp,v > 0
depending on the initial condition of the geodesic ray such that i(δ(Rp,v)) = µ
and i(δp,v(t)) < µ for any t ∈ [0, Rp,v). The arc δ([0, Rp,v]) is called the maximal
arc. Also, different radial arcs are disjoint with the exception possibly of their
initial points. As we mentioned in the introduction, different maximal radial
arcs in Tγ may have very different lengths and the boundary of Tγ needs not
be smooth in general. We refer to Section 8 in the book [BGS85] for more
background material on the construction of the coarse thick-thin decomposition.
Next, we need to recall Lemma 2.4 in [BCD93].
Lemma 4 (Lemma 2.4 in [BCD93]). There exist constants c1, c2 depending
only on the dimension n, such that if
l(γ) ≤ c1 exp(−c2a)µnan−1, (5)
then d(x, γ) ≥ 10 for every x ∈ Tγ with i(x) = µ/2.
We now declare a geodesic to be small if and only if its length satisfies the
bound (5) of Lemma 4. This means we may not consider many small geodesics
in the usual thick-thin decomposition of M . In other words, we only consider
small geodesics which posses large Margulis tubes around them. This fact plays
a role in the results that follow.
Next, given a geodesic γ satisfying (5), we look at the following tube around
it:
Uγ := {x ∈ Tγ | i(x) ≤ µ/2}. (6)
Again, there is no a priori reason to believe that the boundary ∂Uγ is smooth.
Nevertheless, the following theorem of Buser, Colbois and Dodziuk ensures the
existence of a small deformation of Uγ with smooth boundary.
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Theorem 7 (Theorem 2.14 in [BCD93]). Let γ be a geodesic in M satisfying
(5). There exists a smooth hypersurface Hγ contained in Tγ\γ with the following
properties:
• The angle θ between the radial vector field R and the exterior normal of
Hγ is less that pi/2− α for a constant α = α(a, n) ∈ (0, pi/2).
• The sectional curvatures of Hγ with respect to the induced metric are
bounded in absolute value by a constant depending only on a and n.
• Hγ is homeomorphic to ∂Uγ by pushing along radial arcs. The distance
between x ∈ Hγ and its image x¯ ∈ ∂Uγ satisfies d(x, x¯) ≤ µ/50.
Given a geodesic γ satisfying (5), we consider the tube Vγ around it defined
by the requirements:
Hγ = ∂Vγ , and γ ∈ Vγ . (8)
These new tubes always have smooth boundaries, and the union
{Vγ}, M \
⋃
γ
Vγ
gives the smooth thin-thick decompostion. We close this section with an esti-
mate on the injectivity radius of points on the smooth boundaries {Hγ}, and
with an estimate on the distance between the tubes {Vγ}. The following lemma
is a collection of results proved in [DS19]. It will be used at the end of the main
argument in Section 3.
Lemma 9 (Lemma 34 and Lemma 36 in [DS19]). Let γ be a geodesic in M
satisfying (5). For any point x ∈ Hγ , we have
26
50
µ ≥ i(x) ≥ 24
50
µ.
Moreover, if γ 6= ζ are two distinct closed geodesics in M satisfying (5), then
d(Hγ , Hζ) >
48
50
µ.
3 Boundary Injectivity Radius
We now study the normal bundles of the hypersurfaces Hγ ⊂ M . Let NHγ be
the normal bundle of Hγ in (M, g), i.e., the set of all tangent vectors to M at
points in Hγ that are perpendicular to Hγ . Let
exp⊥ : NHγ −→M
be the usual Riemannian exponential map restricted to NHγ . Since Hγ is com-
pact, for  > 0 small enough if we restrict exp⊥ to tangent vectors w with
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g(w,w) ≤ , then exp⊥ is a diffeomorphism onto its image. Here we would like
to find a t > 0 independent of the particular hypersurface Hγ such that exp
⊥
is a diffeomorphism on Hγ × [0, t). We call the boundary injectivity radius, say
iHγ , the largest such t. Here, we denote by Hγ × [0, t) a one sided open neigh-
borhood of the zero section in NHγ . Moreover, we use positive value of t to
indicate those geodesic that start on Hγ and points away from the core geodesic
γ.
We now seek a uniform lower bound of the boundary injectivity radius of
such tubes. First, we need to avoid critical values of exp⊥. It is well known that
x ∈ M is a critical value of exp⊥ if and only if x is a focal point of Hγ ⊂ M ,
see Proposition 4.4 page 231 in the book [doC92]. Now the notion of focal point
can be given in terms of Jacobi fields along geodesic, see Section 4 in Chapter
10 of the book [doC92]. More precisely, given the submanifold Hγ ⊂ M , we
call q ∈ M a focal point of Hγ if there exists a geodesic ν : [0, l] → M , with
ν(0) ∈ Hγ , ν′(0) ∈ (Tν(0)Hγ)⊥, ν(l) = q, and a non-zero Jacobi vector field J
along ν with J(l) = 0 and such that:
J(0) ∈ Tν(0)Hγ , J ′(0) + Sν′(0)(J(0)) ∈ (Tν(0)Hγ)⊥,
where Sν(0) is the linear self-adjoint operator on Tν(0)Hγ associated to the second
fundamental form of Hγ . Note that these requirements imply that
J ′(0) + Sν′(0)(J(0)) = 0⇒ J ′(0) ∈ Tν(0)Hγ . (10)
Indeed, as Hγ ⊂M is a hypersurface we have the isometric splitting
Tν(0)M = Tν(0)Hγ ⊕ Rν′(0),
so that if by contradiction we assume Equation (10) not to be true, we would
have:
J(t) = ktν′(t) + J¯(t),
where k ∈ R is non-zero and where J¯(t) is a Jacobi field along ν with
J¯(0) = J(0), J¯ ′(0) ∈ Tν(0)Hγ ,
so that J¯(t) ⊥ ν(t) for all t. This implies that J(l) 6= 0 which is then a
contradiction.
We can then claim that J ′(0) ∈ Tν(0)Hγ which combined with the fact that
J(0) ∈ Tν(0)Hγ implies
J(t) ⊥ ν(t), t ∈ [0, l].
By linearity of Jacobi’s equation, we next decompose
J(t) = J1(t) + J2(t),
where J1 and J2 are Jacobi vector fields satisfying the initial conditions:
J1(0) = J(0), J
′
1(0) = 0, J2(0) = 0, J
′
2(0) = J
′(0).
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Next, normalize J so that |J(0)| = 1 and assume that we have
J ′(0) = −Sν′(0)(J(0)) = −λJ(0),
where λ is the largest eigenvalue of Sν′(0). In other words, λ is the largest of the
principal curvatures of Hγ at the point ν(0). Assume also for a moment that
the sectional curvature of (M, g) satisfies secg = K, with K a negative constant.
If W (t) is the parallel transport of J(0) along ν(t), a simple computation gives
us the following:
J1(t) = cosh t
√−KW (t), J2(t) = sinh t
√−K√−K (−λ)W (t).
Thus, in a space form of negative sectional curvature −K if the largest principal
curvature of a hypersurface Hγ is λ, i.e., S ≤ λI, we then have that the closest
focal point say q satisfies
d(Hγ , q) = t
where t is a solution of:
coth t
√−K = λ√−K .
We can now state a general lemma concerning the focal set of Hγ in M.
Lemma 11. Let (M, g) be a compact manifold of dimension n ≥ 3, with sec-
tional curvature
−a2 ≤ secg ≤ −1,
for some constant a ≥ 1. Let Hγ be the smooth boundary of any of the Buser-
Colbois-Dodziuk tubes in M . For any focal point q of Hγ we have
d(Hγ , q) ≥ t,
where t is a solution of:
coth t = λ
with λ a constant depending on a and n only.
Proof. Because of Theorem 7, given any Hγ ⊂ M and any p ∈ Hγ , we have
that the linear self-adjoint operator associated to the second fundamental form
of Hγ at p
Sp : TpHγ −→ TpHγ
satisfies Sp ≤ λ(a, n)Ip where λ is a constant depending on a and n only and
Ip : TpHγ → TpHγ is the identity. We can now use Rauch’s comparison theorem
for submanifolds (cf. Theorem 4.9 page 234 in [doC92]) in conjunction with the
Jacobi vector field argument given above and conclude the proof. In this case,
the model manifold has constant negative sectional curvature equal to −1.
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Thanks to Lemma 11, we conclude that the focal set is bounded away from
any of the Hγ uniformly in terms the dimension and a bound on the curvature.
We now focus on the next obstruction for exp⊥ to be a diffeomorphism onto its
image, namely the existence of certain short geodesics. More precisely, we have
the following lemma.
Lemma 12. Let l > 0 be the smallest positive number such that
exp⊥ : Hγ × [0, l) −→M
is a diffeomorphism. Let ν : [0, l) → M be a normalized geodesic with ν′(0) ∈
(Tν(0)Hγ)
⊥ such that
d(Hγ , ν(t)) 6= t (13)
for t > l. If ν(l) is not a focal point of Hγ , we have that ν(2l) ∈ Hγ and
ν′(2l) ∈ (Tν(2l)Hγ)⊥.
Proof. Because of (13), there exists a sequence of real numbers {i} with
i > 0, lim
i→∞
i = 0,
such that
ν(l + i) = σi(l + 
′
i) (14)
and
−i ≤ ′i ≤ i,
where σi is a normalized minimizing geodesic from Hγ to ν(l+ i) with σ
′
i(0) ∈
(Tσi(0)Hγ)
⊥. Thus, (σi(0), σ′i(0)) is a sequence in the unit tangent normal bun-
dle of Hγ in M , say N
1Hγ . By compactness of N
1Hγ we have up to a subse-
qunce:
lim
i→∞
(σi(0), σ
′
i(0)) = (q, v)
where q ∈ Hγ and v ∈ (TqHγ)⊥ with |v| = 1. Note that by continuity, the
limiting geodesic say σ : [0, l]→M with initial conditions
(q, v) = (σ(0), σ′(0))
has to be minimizing. We now claim that
(q, v) 6= (ν(0), ν′(0)),
so that the geodesics ν and σ have to be distinct. By contradiction, assume
that this is not the case. Let U be an open neighborhood of ν(l) ∈ M . Let V
be an open neighborhood of (ν(0), lν′(0)) ∈ NHγ such that
exp⊥ : V −→ U
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is a diffeomorphism. For i large enough, we have (σi(0), (l + 
′
i)σ
′
i(0)) ∈ V .
Because of (14), we have
exp⊥(ν(0), (l + i)ν′(0)) = exp⊥(σi(0), (l + ′i)σ
′
i(0)),
which then implies that
σi(0) = ν(0), i = 
′
i, ν
′(0) = σ′i(0).
Thus, ν is minimizing up to time l + i, and this is a contradiction. It remains
now to prove that
ν′(l) = −σ′(l). (15)
If this is not the case, there exists v ∈ Tν(l)M such that
〈v, ν′(l)〉 < 0, 〈v, σ′(l)〉 < 0.
Let τ : [−δ, δ]→M be a curve with τ(0) = ν(l) = σ(l) and τ ′(0) = v. Let V,W
be neighborhoods of (ν(0), lν′(0)), (σ(0), lσ′(0)) respectively such that
exp⊥ : V −→ U, exp⊥ : W −→ U
are diffeomorphisms, and where U is a neighborhood of ν(l) containing τ [−δ, δ].
Let
v1 : [−δ, δ]→ V, v2 : [−δ, δ]→W
be curves such that:
exp⊥(v1(s)) = τ(s), exp⊥(v2(s)) = τ(s).
Thus, we have
v1(s) = (α1(s), β1(s)), v2(s) = (α2(s), β2(s)),
where α1, α2 are smooth curves in Hγ and where for any s ∈ [−δ, δ]:
w1(s) ∈ (Tα1(s)Hγ)⊥, w2(s) ∈ (Tα2(s)Hγ)⊥.
Define two variations for s ∈ [−δ, δ], t ∈ [0, l] as follows
γ1s (t) = exp
⊥
(
α1(s),
t
l
β1(s)
)
, γ2s (t) = exp
⊥
(
α2(s),
t
l
β2(s)
)
,
and notice that
γ1s (0) = α1(s), γ
2
s (0) = α2(s), γ
1
s (l) = γ
2
s (l), γ
1
0(t) = ν(t), γ
2
0(t) = σ(t).
Now a simple application of the first variation of length (or energy) along these
variations gives that for s > 0 sufficiently small:
l(γ1s ) < l(ν), l(γ
2
s ) < l(σ).
Since γ1s (l) = γ
2
s (l) we get a contradiction. The proof is complete.
9
Given Hγ ⊂ M , we can derive an effective lower bound for the length of
short geodesics as in Lemma 12. This estimate is expressed in terms of the
Margulis constant µ of (M, g).
Lemma 16. Let ν : [0, 2l] → M be a geodesic in M with ν′(0) ∈ (Tν(0)Hγ)⊥
and ν′(2l) ∈ (Tν(2l)Hγ)⊥ of minimal length. We then have
l ≥ µ
200
,
where µ is the Margulis constant.
Proof. Suppose this is not the case. There exist p, q ∈ Hγ and a normalized
geodesic ν : [0, 2l]→M with
ν(0) = p, ν(2l) = q, ν′(0) ∈ (TpHγ)⊥, ν′(2l) ∈ (TqHγ)⊥,
such that 2l = d(p, q) < µ/100. By Lemma 9, we have i(p) ≥ 24/50µ so that ν
is indeed length minimizing for any t ∈ [0, 2l]. Next, we denote by δx and δy the
distinct normalized radial arcs emanating from x, y ∈ γ and passing through q
and p respectively. Now given p ∈ δy, let
L = d(p, δx) = d(p, x′),
where x′ is a point on δx. To show the existence of such x′ argue as follows.
First, note that the arc δx extends past the point q for at least a segment of
length 2450µ. Indeed, recall that the radial arc δ
x stops when it reaches the first
point z ∈M with i(z) = µ. By Lemma 9, we then have:
d(q, z) ≥ |i(z)− i(q)| ≥ 24
50
µ, (17)
which implies
d(p, z) ≥ |d(p, q)− d(q, z)| ≥ 24
50
µ− µ
100
=
47
100
µ.
Also, the point q ∈ δx is quite from the core geodesic γ. Indeed, by combining
Lemma 4 and Theorem 7, we have
d(q, γ) ≥ 10− µ
50
, (18)
which then implies
d(p, x) ≥ 9.
Thus, since we assumed l(ν) < µ/100 and ν connects p with q ∈ δx, we have
the existence of x′ ∈ δx realizing the distance L = d(p, δx) < µ/100. We denote
by β : [0, L] → M the normalized geodesic with β(0) = p, β(L) = x′, realizing
such a distance. Observe that β is perpendicular to δx at the intersection point
x′. One may wonder if we can have x′ = q and β = ν. This is not case. To
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show this, let αp the angle between δ
y and ν at p, and αq the angle between
the δx and −ν at q. If x′ = q, we would have αq = pi/2. On the other hand,
by Theorem 7 we know that 0 ≤ αq < pi/2 − α(n, a), where α(n, a) ∈ (0, pi/2).
We could still have x′ = q and β 6= ν. This is not the case either. In fact, if
this would imply the existence of two distinct geodesics ν and β starting at p
and meeting at q with length less than µ/100. This implies i(p) < µ/100 which
contradicts Lemma 9.
Now that we know that β 6= ν and x′ 6= q, the idea is to look at the geodesic
triangle whose vertices are x′, p and q. Denote by l1(= β) the segment joining
p and x′ and by l2 the segment between x′ and q. Next, we denote by γ1 the
angle between l2 and ν at q, by γ2 the angle between ν and l1 at p, and finally
by γ3 = pi/2 the angle between l1 and l2. By the triangle inequality notice that
d(x′, q) <
µ
100
+
µ
100
=
µ
50
, (19)
so that we have a well defined geodesic triangle between the vertices are x′, p
and q and the segment l2 is just a piece of the arc δ
x. Now, the this geodesic
triangle is within a manifold with −a2 ≤ secg ≤ −1 so that:
γ1 + γ2 + γ3 < pi,
see for example Lemma 3.1 in [doC92]. On the other hand:
γ1 + γ2 + γ3 = pi − αq + γ2 + pi
2
>
3
2
pi − αq.
But now, because of Theorem 7 we have
3
2
pi − αq ≥ pi + α(a, n) > 0,
so that we obtain the contradiction
pi > γ1 + γ2 + γ3 ≥ pi + α(n, a) > pi.
Finally, notice that the degenerate case αq = 0 cannot occur. Indeed, if this
was the case we would have that the geodesic ν coincides with the piece of the
radial arc δx joining q with z. By (17) we know that d(q, z) ≥ 24/50µ, so that
we cannot possibly have l(ν) < µ/100. Similarly for the case αp = 0. The proof
is complete.
We can now prove the main theorem stated in the introduction.
Proof of Theorem 3. Given (N, g), consider the exponential map restricted to
the normal bundle of ∂N
exp⊥ : ∂N × [0,∞) −→M.
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Now, the boundary ∂N is the disjoint union of finitely many smooth hypersur-
faces {Hγ}. By Lemma 9, these hypersufaces satisfy
d(Hγ , Hγ′) >
48
50
µ,
for γ 6= γ′. Lemma 11 and Lemma 12 now provide estimates on the focal set
and short geodesics for any of the Hγ ’s in ∂N . These estimates depend upon
the dimension of M and a lower bound on the sectional curvature only. As the
Margulis constant µ can be estimated in terms of these constants as well, the
proof is complete.
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